(1) F (F(«,x) f y) = P(cx, x-y) ,
where the unknown function P ist defined on a subset of the Cartesian product r»(1 and has 1st values in an arbitrary set T, G which is a set with a binary inner operation defined for some pairs (x,y)e G * G, is called the translation equation.
If the function F is defined on the whole set r x G and the operation "o" is defined for all pairs (x,y)6 G* G,then the notion of satisfaction of the translation equation by the function F needs no comments: both, sides of the equation are defined and equal for any c* e P and x,yeG.
The situation V changes when we deal with the general case, as it has been formulated above. One can take various definitions of satisfaction of the translation equation, and in various fields of mathematics we dp take various definitions.We shall illustrate this by some examples.
A. Zajtz deals in [40] with the algebraic object whi,ch he defines as a natural generalization of the notion of local geometric object. In that paper the function F satisfies the A report presented, in the author's absence, by J. Tabor at the conference on functional equations at Zawoja, 1971. translation equation if the fact that F(cx,x) and x«y are defined implies that both sides of equation (1) are defined and equal*^. J. Gancarzewicz deals in [5] with abstract machines. In that paper the function F satisfies the equation (1) if and only if the existence of the right side is equivalent to the existence of the left side and both sides are equal.
The foregoing definitions are not equivalent. In fact,let r*be the set of positive integers (including zero) and let G be the same set with the operation of multiplication.Then the function F(ot ,x) =« x , defined on the set rx(G\(o}) f satisfies the equation according to the second of the foregoing but it does not satisfy this equation according one. Conversely, the function F(<x,x) = « x , defined only when either «or x is even, satisfies equation (1) according to the first definition, but it does not satisfy the equation according to the second one.
In relation to the discussion of various definitions of. satisfaction of the translation equation by a function, it is proper to mention the result obtained by J. Tabor ([58] ). Let us assume that the function F satisfies the translation equation if and only if 1) for any ex e/", there exists an xeG such that F(a ,x) is defined and 2) if F(a,x) and x«y are both defined, then both sides of equation (1) are defined and equal. ' A. Zajtz uses in [40] a different notation and he considers two variants of algebraic object: the left-hand one and the right-hand one.
In the definition of the left-hand algebraic object,there is an evident mistake. The foregoing definition suits the notion of right--hand algebraic object.
-510 - A compilation and comparison of all current definitions of satisfaction of the translation equation is still waiting for realisation*!
The translation equation has numerous applications in various fields of mathematics. Some of those fields are "de facto" a theory of translation equation for a specified set r and a specified structure G with some initial conditions. We shall illustrate this fact by some examples.
1_. The theory of so-called abstract geometric objects,widely developed at present, is a theory of equation (1), and the solutions of this equation are the so-called transformation formulae of the geometric object. In that theory the set r is the Euclidean space R n . The structure G is either the Brandt groupoid or its geometric equivalent: the pseudo-group of transformations in Gol^b's sense (see either [16] , ]b. 137, or [17] , p. 12) and some simpler sub-structures including the group (for instance, the differential group L^ occurring in the theory of special geometric objects -see for example [17] pp. 18-19). We impose, in that theory,some initial conditions upon the solutions of the translation equations for example, if G is a group of transformations and t is the identical transformation, then we demand that
The initial conditions are more complicated and they are modified, when, instead of a group, we deal with more general See [42] and [44-].
-311 -structures. For instance, in the Brandt groupoid,we have more than one unit, and therefore we have more than one initial condition.
The enormous number of results of the theory of geometric objects makes it impossible to present them here. We shall restrict ourselves to pointing out [3] , [16] , [17] and [23] , where the reader can find a full bibliography.
The notion of a geometric object has been generalized in various ways. We shall mention two of them. In papers [26] , [15] and [34] there has been presented an outline of the theory of the so-called attached geometric objects, that is such objects that their transformation formula depends not only on the coordinates of the object in the "old" coordinate system and on the transformation leading from the "old" system to the "new" one, but also on the coordinates of the point of attachment of the object in the "old" system. From the po^nt of view of the theory of translation equation this leads us to the consideration of that equation in the case where G is a Brandt groupoid of the so-called transformation elements of Hijenhuis (see [17] , p.13).
Paper [40] gives a generalization of the notion of a geometric object in an algebraical way -the structure G (the Brandt groupoid) has been replaced by the more general structure of a semi-groupoid (see [40] , p. 68) specific for the theory of the geometric object, together with suitably generalized initial conditions for the left-hand and the right--hand units of that semi-groupoid.
2. Ginsburg in [7J has initiated the theory of abstract machines, a very wide field of modern mathematics, already dealt with in a monographic study (see [36] ). The function F, called the next state function of the abstract machine from the state cx to the state J3 = F(a,x), satisfies the translation equation and the initial condition analogous to (2). The structure G characteristic for that theory is a semigroup with the unit and the law of reduction. Originally there was a so-called free semi-group of words constructed on a fixed -312 -set, called the alphabet (see [36] , p. 23). It turns out that the so-called reduced and invertible machines (see [5] , [30] ) lead to the group as a structure G.
3. The general notion of a group of transformations is also strictly connected with equation (1) . A group of transformations is a map of the given abstract group into the family of bisections of the set such that for the bisection r(x) of the set r corresponding to an element xe G the condition (3) r (x«y) = r(x) o r(y) holds, where "o" is the superposition of transformations (see [33] , P. 22).
In effect, if we write a bisection r(x) of the set r in the form F(<x,x), then we can see that formula (3) is equivalent to equation (1). The investigation of the group of transformations of the set P in such a sense leads to the investigation of the solutions of equation (1) defined on the set P and satisfying the invertibility condition with respect to ot for any fixed x e G and the condition F(r,x) = r .
The notion of continuity of such a group of transformations (see [33] , P. 135) leads us to the investigation of the solutions of equation Cl) which are continuous on the Cartesian product of a topological space r and a topological group (general structure) G.
The recurrent definition of the n-th iteration of the function f makes the function
satisfy the translation equation on the Cartesian product of the domain P of the function f and the semi-group of non--negative integers, and satisfy the initial condition -313 -
Here we are within a step of a generalization of the notion of iteration to the case where the index of iteration varies in a continuous manner, which leads us to the theory of continuous iteration (group of iterations) and to various generalizations (see [18] , p. 197).
The foregoing examples have not required any structure of the set f . Let r be a vector space and let G be a group. If the function F(<*,x) is defined on the Cartesian product fx G and if, for each x e G, F is a linear function with respect to « , then we reach the notion of linear representation of the group G in the space P {see [8] , [9] ,p.98) . It corresponds, in terms of the theory of algebraic objects, to the notion of linear homogeneous objects, very important for theoretical physics.
There is no time now either to mention many more examples or to develop the foregoing ones. I shall only mention two more. The theory of dynamics systems (see [35] ) and -in the particular case -problem 6 at the end of the present paper and also the theory of continuous branching processes, are, from our point of view, also theories of solutions of the translation equation on suitable structures, with suitable initial conditions. This shows the importance <£ problems concerning the general considerations of the solutions of the translation equation on various structures. It also suggests that the results of one theory could be applied to another one. The last idea, I believe, has not been utilized. The proofs of the results given in those papers have been published in [jo] . Some conditions, assuring that the solution of equation (1) satisfies condition (4) are due to S. Midura (see [21] ). N. Hosszú, in papers [11] and [l2] ,has also dealt with the structure of solutions of equation (1) under some additional conditions.
We obtain all solutions of the translation equation in the case where G is a group by the following constructions 1). We consider an arbitrary function fs r --r satisfying the condition
2). We decompose the set f(r) of values of function f into the sum of the sets (for keK) non-void, separate, and such that, for keK, there axists such a subgroup G^ of G that the index of G^ is equal to the cardinal of 3). Let us denote an arbitral^-bisection of on the set of the right coset of the group G in relation to G^ by 6 k . 4). We put
In terms of the theory of geometric objects, r^ are the transitive fibres of the object F.
We shall now mention some direct corollaries resulting from that construction.
a) The function P satisfies the identity condition c) The transformation group of the set P , imposed by the solution F of equation (1) obtained from the foregoing construction, acts effectively in the set P , i. e.
In terms of the theory of machines such effectiveness means reducibility, with respect to the input vocabulary. Evidently, every general fact relating to the translation equation can be interpreted in terms of various theories discussed in the foregoing examples.
Further considerations, generalizing the above results to more general algebraic structures than the group, follow two ways of approach.
The first expresses the general solution of the translation equation on a more general structure by the solution on the group. The other one does not make any use of the solution on the group; however, it generalizes the foregoing construction to a more general structure. J. Tab'or's paper ([38] ), which gives the general solution Of equation (1) on the Ehresmann groupoid making use of the general solution on the group is representative for the first approach. The paper of A. Krupinska ( [13] ) and J. Tabor ([37] ) are representative for the second approach. In those papers, the foregoing construction is generalized to the Brandt groupoid and the Ehresmann groupoid. A. Krupinska has given in [13] a generalization of the construction in the case where G is a category. In the last generalization the elimination of a troublesome dependence of parameters has proves impossible. Recently, there has appeared an interesting chance to obtain some results concerning the general solution of equation (1) (1). That problem is related to the well-known problem of reckoning the concomitants of the given geometric object.
II. Continuous solutions. Considerations regarding the continuous solutions of equation (1), where P is a topological space and G an adequate topological structure, also use two ways of approach. The first is to determine the relations between the continuity of solution and the continuity of functions (for example, the functions f and in the case where G is a group) being parameters of the solution.
Considerations following this way are possible only side by side with those concerning the structure of the general solution.The other approach con--317 -oerns the theorems on the continuous solutions without any investigation of the structure of the general solution.
The If F(oc ,x) is a transitive solution of the translation equation on the set r x G, where G is a topological group which is an enumerable sum of compact sets and f is a Hausdorff space, locally compact at least at one point and if a) there exists an a^eT such that tiae function F(of0,x) is continuous with respect to x, for each point of G and b) for each xeG the function P(oc ,x) is continuous with respect to a in the set r , then F is a continuous function on f x G and it is an open mapping with respect to x for <x e T.
We already know that the general solution of the translation equation, under the transivity condition, has the form P(°C jX) = g~1 ^g(oc) x) .
It follows that if the function g is a homeomorphism, then the function F is continuous. But, from the continuity of -1 the function F follows the continuity of the function g , but the continuity of the function g does not.
In paper [58] one can find the investigations of the continuity of the solution of the translation equation, satisfying the identity condition in the case where G is an adequately defined topological Brandt groupoid. More precisely, the problem is to establish the relation between the continuity of the solution and the continuity of the functions being parameters of the solution (the solution of the translation equation on the group appears, in the formulation applied in that paper, among those parameters). In some measure, we are faced with the opposite situation to that considered above for the group (where the parameter giving the solution has been the function g and possibly g ). In the case where G is a topological Brandt groupoid it follows from the continuity -3-18 -of the solution F satisfying the identity condition that it is possible to choose the continuous parameters defining the solution, but the continuity of the solutions does not follow from the continuity of the parameters. This implication is ensured by some additional assumptions concerning the topology on the groupoid G. Papers [10] and represent the other approach to the investigations regarding the continuous solutions of the translation equation.
Paper [10] by J. Hamilton (more precisely, the summary of his report at the conference on the functional equations at Waterloo in 1969) concerns the translation equation in the case where P is the set of real numbers and G is the additive group of real numbers. That paper gives five conditions sufficient for the continuity of the solution F(o<,x) with respect to x for each fixed cxeT.. We shall qaote one of those conditions! Let F be such that F(a, The proofs of the theorems from paper [10] have not been published because of the author's illness. C.T.Ng reported, at the last conference on the functional equations in Rome in 1971, a theorem concerning continuous solutions of the translation equation in the case where G is a Brandt pair groupoid. His theorem, announced in the summary [32] , is as follows:
Let X be a locally compact Hausdorff and locally connected topological space, and let Y be a topological space on which a closed total transitive relation RcY* Y is defined. Denote by C-^ R the set of all continuous mappings F:X*R--X such that for each (u,tf)e R the mapping x -'-f(x,u,»>) is a homeomorphism on X. Then the following two statements are equivalent: -521 -for keK. In the case where F is a transitive object this condition is also necessary for the existence of an extension. If the object F is not transitive, the necessary and sufficient condition for the existence of an extention is more complicated. Last of all, I shall present some open problems concerning the general theory of translation equation (some of them will be a repetition of the foregoing cosiderations).
1) The general problem of unification of various fields of mathematics, where the translation equation occurs, on the basis of the theory of this equation, and conversely, the enrichment of the general theory with the sid of those fields.
2) The problem of the structure of continuous and more regular solutions applying the methods of functional analysis.
3) The problem of extension of the solutions of equation (1), especially the regular ones.
4) The problem of either reckoning the structure of the linear object, at least of the homogeneous one, or-which is the same -reckoning the structure of representation of the group G (the more general algebraic structure) in the vector space r .
It is easy to find a function F(a,x) satisfying the translation equation on T x G and the linearity condition (5) Fia^ + a2o<2,x) = a^ F(«,|,x) + a2 F(a2,x) for x e G, e r and a^,a2eC, where C is a field over which the space T is apread. It is enough for an arbitrary base B of the space T , to put n (6) F(a,x) = YL a i> . (1) on the set r x B that the equality (6) holds.
5) The problem of giving, by the aid of the parameters determining the general solution of the translation equation on category, the necessary and sufficient conditions for the solution of the equation to be transitive, sim|ple transitive (i.e. transitive and invertible with respect to x for all ocef), qua si-transitive, i.e. satisfying the condition and simple quasi-transitive. It is also interesting tp investigate analogous problems for the semi-group with a unit.
6) Considerations regarding the -dynamic systems lead us, in a natural way, to the problem of regularity of the solutions of the translation equation on the Brandt pair graupoid with respect to the particular elements in the pairs of this groupoid. Let us formulate the problem -for simplicity -in the particular case.
let T and £2 be arbitrary intervals of real numbers (not necessarily bounded). Let us further assume that there is only one solution of the differential equation passing through each point of the "rectangle" Q x T. Let us denote the solution passing through the point ^o»™) by cj(«,t 0 st). If this solution passes through the point (t^jO^), i.e. if = co(<x t t 0 {t^) , then it is identic als with coicx^ ; t) by virtue of the assumption of uniqueness: therefore (8) "M«,^;^), t) =w(«, t 0 ; t) .
A V a,fier xes
(7)
-323 -If we write x -(t 0 ,t^), y = (rt;^11;) and purt w («.t^t^) = = P(o<,x) etc.,i then we find, by virtue of (8) , that the function F satisfies the translation equation on the set Q* B, where B is a Brandt pair grouppid (see [3] p.11).
As the function has to be defferentiable with respect to the variable t, we are interested in the solutions on QxB differentiable with respect to the second element of the pair from B. Therefore the problem arises of ensuring such a regularity when the solution is given by oonstruotions, known from papers [13] and [37] f of the solution of the translation equation on the groupoid B. One can see that the problem of a "good" statement'of the initial problem for equation (7),i.e. the problem of the continuous dependence of the function co on the pair (a,t 0 ), has its reflexion in the regularity of the translation equation on B. The problem also arises of finding necessary and sufficient conditions which, imposed upon the solution F of the translation equation on O x B, ensure that the function F is just a solution of equation (7).
